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UNIQUENESS OF THE FOURIER TRANSFORM ON
CERTAIN LIE GROUPS
A. CHATTOPADHYAY, D.K. GIRI AND R.K. SRIVASTAVA
Abstract. In this article, we prove that if the group Fourier transform of
certain integrable functions on the Heisenberg motion group (or step two
nilpotent Lie groups) is of finite rank, then the function is identically zero.
These results can be thought as an analogue to the Benedicks theorem that
dealt with the uniqueness of the Fourier transform of integrable functions
on the Euclidean spaces.
1. Introduction
In an interesting article, M. Benedicks [3] had extended the classical Paley-
Wiener theorem for compactly supported function to the class of integrable
functions. In other words, support of an integrable function and its Fourier
transform both cannot be of finite measure simultaneously. Thereafter, a series
of analogous results to the Benedicks theorem has been explored in various
contexts, including the Heisenberg group and the Euclidean motion groups
(see [12–16, 18]). In article [12], an analogous result on the Heisenberg group
has worked out for the partial compactly supported functions in terms of finite
rank of Fourier transform of the function. Further, Vemuri [22] has relaxed
the compact support condition on the functions by finite Lebesgue measure.
In this article, we explore analogous results to the Amrein-Berthier and
Benedicks theorem on the Heisenberg motion group and step two nilpotent
Lie groups. We prove that if the group Fourier transform of finitely supported
certain integrable functions on the Heisenberg motion group (or step two nilpo-
tent Lie groups) is of finite rank, then the function has to vanish identically.
However, it would be a reasonable to consider the case when the spectrum of
the Fourier transform of an integrable function will be supported on a thin
uncountable set.
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2. Preliminaries on the Heisenberg motion group
The Heisenberg group Hn = Cn×R is a step two nilpotent Lie group having
center R that equipped with the group law
(z, t) · (w, s) =
(
z + w, t+ s+
1
2
Im(z · w¯)
)
.
By Stone-von Neumann theorem, the infinite dimensional irreducible unitary
representations of Hn can be parameterized by R∗ = Rr {0}. That is, each of
λ ∈ R∗ defines a Schro¨dinger representation piλ of Hn by
piλ(z, t)ϕ(ξ) = e
iλteiλ(x·ξ+
1
2
x·y)ϕ(ξ + y),
where z = x+ iy and ϕ ∈ L2(Rn). Let
T =
∂
∂t
, Xj =
∂
∂xj
+
1
2
yj
∂
∂t
and Yj =
∂
∂yj
− 1
2
xj
∂
∂t
.
Then {T,Xj , Yj : j = 1, . . . , n} forms a basis for the Lie algebra hn consists
of all left-invariant vector fields on Hn and the representation piλ induces a
representation pi∗λ of h
n on the space of C∞ vectors in L2(Rn) via
pi∗λ(X)f =
d
dt
∣∣∣∣
t=0
piλ(exp tX)f.
It is easy to see that pi∗λ(Xj) = iλxj and pi
∗
λ(Yj) =
∂
∂xj
. Hence for the sub-
Laplacian L = −∑nj=1(X2j +Y 2j ), it follows that pi∗λ(L) = −∆x+λ2|x|2 =: Hλ,
the scaled Hermite operator. Let φλα(x) = |λ|
n
4 φα(
√|λ|x); α ∈ Zn+, where φα
are the Hermite functions on Rn. Then φλα’s are the eigenfunctions of Hλ with
eigenvalue (2|α|+n)|λ|. Hence the entry functions Eλαβ ’s of the representation
piλ are eigenfunctions of the sub-Laplacian L satisfying
LEλαβ = (2|α|+ n)|λ|Eλαβ,
where Eλαβ(z, t) =
〈
piλ(z, t)φ
λ
α, φ
λ
β
〉
. Since Eλαβ(z, t) = e
iλt
〈
piλ(z)φ
λ
α, φ
λ
β
〉
, the
eigenfunctions Eλαβ ’s are not in L
2(Hn). However, for a fix t, they are in L2(Cn).
Now, define an operator Lλ by L
(
eiλtf(z)
)
= eiλtLλf(z). Then the special
Hermite functions
φλαβ(z) = (2pi)
−n
2
〈
piλ(z)φ
λ
α, φ
λ
β
〉
are eigenfunctions of Lλ with eigenvalue 2|α| + n. We summarize by noting
that the special Hermite functions φλαβ’s forms an orthonormal basis for L
2(Cn)
(see [21], Theorem 2.3.1).
Heisenberg motion group G is the group of isometries of Hn that leaves
invariant the sub-Laplacian L. Since the action of the unitary group K = U(n)
defines a group of automorphism on Hn via k · (z, t) = (kz, t), where k ∈ K,
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the group G can be expressed as the semidirect product of Hn and K. Hence
the group law on G can be understood by
(k1, z, t) · (k2, w, s) =
(
k1k2, z + k1w, t+ s− 1
2
Im(k1w · z¯)
)
.
Since a right K-invariant function on G can be thought as a function on Hn,
we infer that the Haar measure on G can be written as dg = dkdzdt, where
dk and dzdt are the normalized Haar measure on K and Hn respectively.
For k ∈ K, define another set of representations of the Heisenberg group
Hn by piλ,k(z, t) = piλ(kz, t). Since piλ,k agrees with piλ on the center of H
n, it
follows by the Stone-Von Neumann theorem for the Schro¨dinger representation
that piλ,k is equivalent to piλ. Hence there exists an intertwining operator µλ(k)
satisfying
(2.1) piλ(kz, t) = µλ(k)piλ(z, t)µλ(k)
∗.
The operator-valued function µλ can be thought as a unitary representation of
the group K on L2(Rn) and it is known as metaplectic representation. Since
for λ ∈ R∗, the set {φλα : α ∈ Nn} forms an orthonormal basis for L2(Rn), let
Pm = {φλα : |α| = m}. Then µλ|Pm is an irreducible representation of K and
the action of µλ on L
2(Rn) can be realized by
(2.2) µλ(k)φ
λ
α =
∑
|γ|=|α|
ηλαγ(k)φ
λ
γ .
For more details about the metaplectic representations and the spherical func-
tions on Hn, we refer the article by Benson et al. [4]. Let (σ,Hσ) be an
irreducible unitary representation of K and Hσ = span{eσj : 1 ≤ j ≤ dσ}. For
k ∈ K, the matrix coefficients of the representation σ ∈ Kˆ, are define
ϕσij(k) = 〈σ(k)eσj , eσi 〉.
Define a bilinear form φλα⊗eσi on L2(Rn)×Hσ by φλα⊗eσi = φλα eσi . Then the
set {φλα⊗eσi : 1 ≤ i ≤ dσ, α ∈ Nn} forms an orthonormal basis for L2(Rn)⊗Hσ.
Denote H2σ = L2(Rn)⊗Hσ.
For λ 6= 0, we define a representation ρλσ of G on the space H2σ by
ρλσ(z, t, k) = piλ(z, t)µλ(k)⊗ σ(k).
In the article [17], it has been shown that ρλσ are the only irreducible unitary
representations of G which appears in the Plancherel formula. Thus, in view of
the above argument, we denote the partial dual of the groupG by G′ ∼= R∗×Kˆ.
Now, we define the Fourier transform of the function f ∈ L1(G) by
fˆ(λ, σ) =
∫
K
∫
R
∫
Cn
f(z, t, k)ρλσ(z, t, k)dzdtdk.
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Let fλ be the inverse Fourier transform of the function f in t variable. Then
fλ(z, k) =
∫
R
f(z, t, k)eiλtdt.
Thus,
fˆ(λ, σ) =
∫
K
∫
Cn
fλ(z, k)ρλσ(z, k)dzdk,
where ρλσ(z, k) = ρ
λ
σ(z, 0, k). For f ∈ L1 ∩ L2(G), the following Plancherel
formula derived in [17].∫
K
∫
Hn
f(z, t, k)dzdtdk = (2pi)−n
∑
σ∈Kˆ
∫
R\{0}
‖fˆ(λ, σ)‖2HS|λ|2dλ.
Further, the set {φλα ⊗ eσi : α ∈ Nn, 1 ≤ i ≤ dσ} forms an orthonormal basis
for H2σ, we can write
fˆ(λ, σ)(φλγ ⊗ eσi ) =
∑
|α|=|γ|
∫
K
ηλαγ(k)
∫
Cn
fλ(z, k)
(
piλ(z)φ
λ
α ⊗ σ(k)eσi
)
dzdk.
3. Uniqueness results on the Heisenberg motion group
In this section, we work out some of the results pertaining to the uniqueness
of the Fourier transform on the Heisenberg motion group G = Hn ⋉K. Those
results can be thought as an analogue to the Benedicks theorem.
Weyl transform. For proving the main result of this section, we need to
derive some of the properties of the Weyl type transform on G× = Cn × K.
For more details on the Wely transform on the Heisenberg group, see [20].
For (λ, σ) ∈ G′, we define the Weyl transform W λσ on L1(G×) by
W λσ (F ) =
∫
K
∫
Cn
F (z, k)ρλσ(z, k)dzdk.
Now, we define the λ-twisted convolutions of F,H ∈ L1 ∩ L2(G×) by
F ×λ H(g) =
∫
G×
F
(
gg′
−1
)
H(g′)e−
i
2
λIm(kw.z¯)dg′,
where g = (z, k) and g′ = (w, s). For λ = 1, we simply call the λ-twisted
convolutions as twisted convolutions and denote it by F × H. We derive the
following properties of the Weyl transform W λσ .
Proposition 3.1. If F,H ∈ L1 ∩ L2(G×), then
(i) W λσ (F
∗) =W λσ (F )
∗, where F ∗(z, k) = F ((z, k)−1),
(ii) W λσ (F ×λ H) = W λσ (F )W λσ (H).
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Proof. By the scaling argument, it is enough to prove these results for the case
λ = 1.
(i) If φ, ψ ∈ H2σ, then we have
〈Wσ(F ∗)φ, ψ〉 =
∫
K
∫
Cn
F ∗(z, k) 〈ρσ(z, k)φ, ψ〉 dzdk
=
∫
K
∫
Cn
〈
φ, F
(
(z, k)−1
)
ρσ
(
(z, k)−1
)
ψ
〉
dzdk
= 〈φ,Wσ(F )ψ〉 = 〈Wσ(F )∗φ, ψ〉 .
(ii) Let dg = dzdk, then
〈Wσ(F )Wσ(H)φ, ψ〉 =
∫
G×
F (z, k) 〈ρσ(z, k)Wσ(H)φ, ψ〉 dg
=
∫
G×
∫
G×
F (g)H(g′)e−
i
2
Im(kw.z¯) 〈ρσ(z + kw, ks)φ, ψ〉 dg′dg
=
∫
G×
∫
G×
F
(
gg′
−1
)
H(g′)e−
i
2
Im(kw.z¯) 〈ρσ(g)φ, ψ〉dg′dg
=
∫
G×
(F ×H)(z, k) 〈ρσ(z, k)φ, ψ〉 dg
= 〈Wσ(F ×H)φ, ψ〉 .

Next, we derive the Plancherel formula for the Weyl transform W λσ on
L2(G×) corresponding to λ = 1.
Proposition 3.2. If F ∈ L2(G×), then the following holds.
∑
σ∈Kˆ
dσ ||Wσ(F )||2HS = (2pi)n
∫
K
∫
Cn
|F (z, k)|2dzdk.
Proof. Since L1∩L2(G×) is dense in L2(G×), it is enough to prove the result for
L1∩L2(G×). For the sake of convenience, let φσα,i = φλα⊗eσi and φαβ = (2pi)
n
2 φλαβ
when λ = 1. Then the set {φσγ,i : γ ∈ Nn, 1 ≤ i ≤ dσ} forms an orthonormal
basis for H2σ. By the Parseval identity, we have
∥∥Wσ(F )φσγ,i∥∥2H2σ =
∑
β∈Nn
dσ∑
j=1
∣∣〈Wσ(F )φσγ,i, φσβ,j〉∣∣2 =
(2pi)n
∑
β∈Nn
dσ∑
j=1
∣∣∣∣∣∣
∑
|α|=|γ|
∫
K
ηαγ(k)
∫
Cn
F (z, k)φαβ(z)ϕ
σ
ji(k)dzdk
∣∣∣∣∣∣
2
.
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It is easy to see that the matrix coefficients ηαγ of the representation µλ satisfy
the identity
∑
|α|=m
∣∣∣∣∣∣
∑
|γ|=m
cαηαγ(k)
∣∣∣∣∣∣
2
=
∑
|α|=m
|cαηαγ(k)|2 ,(3.1)
where k ∈ K and cα ∈ C. Now, by Plancherel theorem for the compact group
K and the identity (3.1), we infer that
∑
σ∈Kˆ
dσ ||Wσ(F )||2HS = (2pi)n
∑
β,γ∈Nn
∫
K
∣∣∣∣∣∣
∑
|α|=|γ|
ηαγ(k)
∫
Cn
F (z, k)φαβ(z)dz
∣∣∣∣∣∣
2
dk
= (2pi)n
∑
α,β∈Nn
∫
K
∣∣∣∣
∫
Cn
F (z, k)φαβ(z)dz
∣∣∣∣
2
dk
= (2pi)n
∫
K
∫
Cn
|F (z, k)|2dzdk.

For σ ∈ Kˆ, we defining a Fourier-Wigner type transform V gf of functions
f, g ∈ H2σ on G× by
V
g
f (z, k) = 〈ρσ(z, k)f, g〉 .
Lemma 3.3. For fl, gl ∈ H2σ, l = 1, 2, the following identity holds.∫
K
∫
Cn
V
g1
f1
(z, k)V g2f2 (z, k)dzdk = (2pi)
n 〈f1, f2〉 〈g1, g2〉.
Proof. Since the set {φα⊗ eσi : α ∈ Nn, 1 ≤ i ≤ dσ} form an orthonormal basis
for H2σ and fl, gl ∈ H2σ, we can write
fl =
∑
γ∈Nn
∑
1≤i≤dσ
f lγ,iφγ ⊗ eσi , and gl =
∑
β∈Nn
∑
1≤j≤dσ
glβ,jφβ ⊗ eσj , l = 1, 2,
where f lγ,i and g
l
β,j are constants. Thus,
V
gl
fl
(z, k) = (2pi)
n
2
∑
α,β∈Nn
∑
1≤i,j≤dσ
∑
|γ|=|α|
f lγ,ig
l
β,jηαγ(k)φαβ(z)ϕ
σ
ji(k),
By the orthogonality of the special Hermite functions φαβ together with the
identity (3.1), it follows that∫
Cn
V
g1
f1
(z, k)V g2f2 (z, k)dz =
(2pi)n
∑
γ,β∈Nn
[
dσ∑
i,j=1
(
f 1γ,ig
1
β,j
)
φσji(k)
dσ∑
i,j=1
(
f 2γ,ig
2
β,j
)
φσji(k)
]
.
Finally, by integrating both the sides with respect to k, we get
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∫
K
∫
Cn
V
g1
f1
(z, k)V g2f2 (z, k)dzdk =
(2pi)n
(∑
γ∈Nn
∑
1≤i≤dσ
f 1γ,if
2
γ,i
)(∑
β∈Nn
∑
1≤j≤dσ
g2β,jg
1
β,j
)
= (2pi)n 〈f1, f2〉 〈g1, g2〉.

Notice that, if f, g ∈ H2σ, then as particular case of Lemma 3.3, it follows
that V gf ∈ L2(G×). Let Vσ = span
{
V
g
f : f, g ∈ H2σ
}
. Since the set
Bσ =
{
ψσα,i = φα ⊗ eσi : α ∈ Nn, 1 ≤ i ≤ dσ
}
form an orthonormal basis for H2σ, by Lemma 3.3, we infer that the set
VBσ =
{
V
ψσ
β,j
ψσα,i
: ψσα,i, ψ
σ
β,j ∈ Bσ
}
is an orthonormal basis for Vσ. Next, we recall the Peter-Weyl theorem which
is crucial for the proof of Proposition 3.5. For more details, see [19].
Theorem 3.4. (Peter-Weyl). Let Kˆ be the unitary dual of the compact Lie
groupK. Then the set
{√
dσφ
σ
ij : 1 ≤ i, j ≤ dσ, σ ∈ Kˆ
}
is an orthonormal basis
for the space L2(K).
Proposition 3.5. The set
{
VBσ : σ ∈ Kˆ
}
is an orthonormal basis for L2(G×).
Proof. By Theorem 3.4, it follows that
{
VBσ : σ ∈ Kˆ
}
is an orthonormal set.
It only remains to prove the completeness. For this, suppose F ∈ V ⊥Bσ , then〈
Wσ(F )ψ
σ
α,i, ψ
σ
β,j
〉
=
∫
K
∫
Cn
F (z, k)V
ψσ
β,j
ψσα,i
(z, k)dzdk
=
〈
F, V
ψσ
β,j
ψσα,i
〉
= 0,
whenever ψσα,i, ψ
σ
β,j ∈ Bσ. Hence, it follows that Wσ(F ) = 0 for all σ ∈ Kˆ.
Thus, by Proposition 3.2, we conclude that F = 0. 
Moreover, by using the fact that VBσ is an orthonormal basis for Vσ, as a
corollary to Proposition 3.5, we infer that L2(G×) =
⊕
σ∈Kˆ
Vσ.
Now, we state our main result of this section. Let A and B are Lebesgue
measurable subsets of Rn such that 0 < m(A), m(B) < ∞, where m denotes
the Lebesgue measure on Rn.
Theorem 3.6. Let F ∈ L1 ∩ L2(G) be supported on (Σ× R)×K.
(i) If Σ has finite Lebesgue measure and Fˆ (λ, σ) is a rank one operator for
all (λ, σ) ∈ R∗ × Kˆ, then F = 0.
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(ii) If Σ = A×B and Fˆ (λ, σ) is a finite rank operator for all (λ, σ) ∈ R∗×Kˆ,
then F = 0.
Given φ, ψ ∈ L2(Rn), we define the Fourier-Wigner transform by
T (φ, ψ)(z) = 〈pi(z)φ, ψ〉 ,
where pi is the Schro¨dinger representation corresponding to λ = 1. Next, we
state the following result from [6, 7].
Theorem 3.7. For φ, ψ ∈ L2(Rn), write X = T (φ, ψ). If {z ∈ Cn : X(z) 6= 0}
has finite Lebesgue measure, then X = 0.
In view of Theorem 3.7, we prove the following analogous result for the
Fourier-Wigner transform. In fact, it says that the Fourier-Wigner transform
of a pair of non-zero functions cannot be finitely supported.
Proposition 3.8. For fj ∈ H2σ; j = 1, 2, denote F = V f2f1 . If {z ∈ Cn :
F (z, k) 6= 0} has finite Lebesgue measure for all k ∈ K, then F = 0.
Proof. Since fj ∈ H2σ, we can express fj = φj ⊗ hj, where φj ∈ L2(Rn) and
hj ∈ Hσ. Then
F (z, k) = 〈ρσ(z, k)f1, f2〉
= 〈pi(z)µ(k)⊗ σ(k)(φ1 ⊗ h1), φ2 ⊗ h2〉
= 〈pi(z)µ(k)φ1, φ2〉 〈σ(k)h1, h2〉
= 〈pi(z)ψ1, φ2〉 〈σ(k)h1, h2〉
= X(z) 〈σ(k)h1, h2〉 ,
where ψ1 = µ(k)φ1 and X = T (ψ1, φ2). If 〈σ(k)h1, h2〉 = 0 for some k ∈ K,
then F (., k) = 0. On the other hand, if 〈σ(k)h1, h2〉 6= 0, then X is a non-zero
function that supported on a set of finite Lebesgue measure. Thus, in view of
Theorem 3.7, we conclude that F = 0. 
Next, we prove that if for F ∈ L1 ∩L2(G×), the operator Wσ(F ) is of finite
rank for each σ ∈ Kˆ, then F = 0. For proving this, we require the following
crucial results.
For k ∈ K, define bj(k) = 〈σ(k)ψj , ψj〉 , where ψj ∈ Hσ. Then bj(e) = ‖ψj‖2.
Set ‖ψj‖ = αj.
Proposition 3.9. For φj ∈ L2(Rn); j ∈ {1, . . . , N}, define the function ψ on
Cn by ψ(z, k) =
N∑
j=1
bj(k) 〈pi(z)µ(k)φj, φj〉 , where k ∈ K. If ψ is supported on
a subset E × F of Cn such that 0 < m(E), m(F) <∞, then ψ ≡ 0.
Proof. Let e be the identity element of the group K. Then µ(e) = I is the
identity operator on L2(Rn). For z = x + iy ∈ Cn, we write ψy(x) = ψ(z, e).
Since φj ∈ L2(Rn), there exists a set A of measure zero such that |φj| is finite
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on Rn r A. Denote Ky(ξ) =
N∑
j=1
α2jφj(ξ + y)φj(ξ) for almost all ξ ∈ Rn. Then
by the hypothesis, ψ can be expressed as
(3.2) ψy(x) =
∫
Rn
ei(x·ξ+
1
2
x·y)Ky(ξ)dξ.
Since ψ is supported on E × F of finite Lebesgue measure, it follows that
ψy = 0 for all y ∈ RnrF . Hence we infer that Ky = 0, whenever y ∈ RnrF .
Define the function χ on Rn r A by χ = (α1φ1, . . . , αNφN) . If χ = 0 on
Rn rA, then result will follow. Suppose χ 6= 0, then there exists ξ1 ∈ Rn rA
such that χ(ξ1) 6= 0.
Now, if it happens that χ = 0 on Rn r (B(ξ1) ∪ A), where B(ξ1) is the set
ξ1 + (F ∪ {0}), then φj ’s are finitely supported.
Otherwise, we can choose ξl ∈ Rnr
l−1⋃
i=1
B(ξi)∪A, where B(ξi) = ξi+(F∪{0})
such that χ(ξl) 6= 0, whenever l ≤ N. For l 6= m, we have ξl − ξm 6∈ F .
By the hypothesis, Kξl−ξm(ξ) =
N∑
j=1
α2jφj(ξ + ξl − ξm)φj(ξ) = 0, whenever
ξ ∈ Rn r A. Hence it follows that χ(ξl) and χ(ξm) are orthogonal. Thus, the
set S = {χ(ξ1), . . . , χ(ξN)} is an orthogonal set in CN .
Therefore, if ξ ∈ Rn r
N⋃
l=1
(B(ξl) ∪ A) , then χ(ξ) ⊥ S, and hence χ(ξ) = 0.
Thus, each of φj is supported on a set of finite Lebesgue measure.
Now, for k ∈ K, ψ can be expressed as
ψy(x) =
∫
Rn
ei(x·ξ+
1
2
x·y)
(
N∑
j=1
bj(k)χj(ξ + y)φj(ξ)
)
dξ,
where χj = µ(k)φj ∈ L2(Rn). Let Hy(ξ) =
N∑
j=1
bj(k)χj(ξ + y)φj(ξ). Then Hy
is finitely supported for all y ∈ Rn. By the Benedicks theorem, Hy and its
Fourier transform both cannot be finitely supported simultaneously. Hence
we conclude that ψy ≡ 0 for all y ∈ Rn. 
Remark 3.10. Instead of the rectangle E ×F in R2n if we consider a set E of
finite Lebesgue measure in Cn, then the projection of E on Rn need not be a
set of finite measure. Hence the above proof of Proposition 3.9 will not work.
Let E andF are Lebesgue measurable subsets of Rn such that 0 < m(E), m(F)
<∞ and Σ = E × F .
Theorem 3.11. Let F ∈ L1 ∩ L2(G×) be supported on Σ × K. If for each
σ ∈ Kˆ, the operator Wσ(F ) has finite rank, then F = 0.
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Proof. Let τ¯ = F ∗×F, where F ∗(v) = F (v−1). Then Wσ(τ¯) =Wσ(F )∗Wσ(F )
is a positive, finite rank operator on H2σ. By the spectral theorem, it follows
that
(3.3) Wσ(τ¯)f =
N∑
j=1
aj 〈f, fj〉 fj ,
where {f1, . . . , fN} is an orthonormal basis for the range of Wσ(τ¯) which sat-
isfies Wσ(τ¯)fj = ajfj with aj ≥ 0. Now, for f, g ∈ H2σ, we have
〈Wσ(τ¯)f, g〉 =
N∑
j=1
aj 〈f, fj〉 〈fj , g〉(3.4)
= (2pi)−n
N∑
j=1
aj
∫
K
∫
Cn
V
g
f (z, k)V
fj
fj
(z, k)dzdk.
Since τ ∈ L2(G×), by Proposition 3.5, we can write τ = ⊕
σ∈Kˆ
τσ. In view of the
above decomposition and by the definition of Wσ(τ¯), we can write
〈Wσ(τ¯)f, g〉 =
∫
K
∫
Cn
τ¯ (z, k)
〈
ρ1σ(z, k)f, g
〉
dzdk(3.5)
=
∫
K
∫
Cn
τσ(z, k)V
g
f (z, k)dzdk.
Hence, by comparing (3.4) with (3.5) in view of the orthogonality relation for
the Fourier-Wigner transform as in Lemma 3.3, it follows that
(3.6) τσ =
N∑
j=1
V
hj
hj
,
where hj = (2pi)
−n
2
√
ajfj ∈ H2σ. Now, let hj = φj ⊗ ψj for some φj ∈ L2(Rn)
and ψj ∈ Hσ. Then from (3.6) we have
τσ(z, k) =
N∑
j=1
〈ρσ(z, k)hj , hj〉 =
N∑
j=1
〈pi(z)µ(k)φj, φj〉 〈σ(k)ψj , ψj〉
=
N∑
j=1
bj(k) 〈pi(z)χj , φj〉 ,
where χj = µ(k)φj ∈ L2(Rn) and bj(k) = 〈σ(k)ψj , ψj〉 . Since τ¯ is finitely
supported in Cn variable, by Proposition 3.9, it follows that τσ = 0, whenever
σ ∈ Kˆ. In view of Plancherel formula for the Weyl transform as mentioned in
Proposition 3.2, we conclude that F = 0. 
Next, we prove Theorem 3.6 in the following two cases.
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Proof of Theorem 3.6. (i). Since F ∈ L1 ∩ L2(G), we can write
Fˆ (λ, σ) =
∫
K
∫
Cn
∫
R
F (z, t, k)ρσ(z, t, k)dtdzdk(3.7)
=
∫
K
∫
Cn
F λ(z, k)ρσ(z, k)dzdk
= Wσ(F
λ).
Suppose the operator Wσ(F
λ) has rank one. Then it is enough to show that
F λ = 0. Consider the case when λ = 1. Since by hypothesis, Wσ(F
1) has rank
one, there exist fj ∈ H2σ; j = 1, 2 such that Wσ(τ¯)f = 〈f, f1〉 f2 for all f ∈ H2σ,
where τ¯ = F 1. Hence for f, g ∈ H2σ, Lemma 3.3 yields
〈Wσ(τ¯ )f, g〉 = 〈f, f1〉 〈f2, g〉(3.8)
= (2pi)−n
∫
K
∫
Cn
V
g
f (z, k)V
f2
f1
(z, k)dzdk.
Let τ =
⊕
σ∈Kˆ
τσ, where τσ ∈ VBσ . Then by definition of Wσ(τ¯), it follows that
〈Wσ(τ¯ )f, g〉 =
∫
K
∫
Cn
τσ(z, k)V
g
f (z, k)dzdk.(3.9)
Now, by comparing (3.8) with (3.9) in view of Proposition 3.5, we infer that
τσ = (2pi)
−nV
f2
f1
. Finally, by Proposition 3.8, it follows that τσ = 0 for all
σ ∈ Kˆ. That is, τ = 0 and hence we conclude that F = 0.
(ii). Suppose the operator Wσ(F
λ) has finite rank. We prove the result for
λ = 1 and the general case will be followed by the scaling argument. Since
Fˆ (1, σ) = Wσ(F
1), by Theorem 3.11, it follows that F 1 = 0. Similarly, it can
be shown that F λ = 0 for all λ ∈ R∗. Thus, we conclude that F = 0. 
4. Preliminaries on step two nilpotent group
In this section, we prove an analogous result of the Benedick’s theorem
for the Euclidean Fourier transform on the step two nilpotent Lie groups.
However, for the sake simplicity, we derive the result for the class of groups
introduced by G. Me´tivier (see [10]). These groups are step two nilpotent
Lie groups when quotiented with the hyperplane in the center becomes the
Heisenberg group. The Heisenberg-type groups introduced by A. Kaplan (see
[8]) are examples of Me´tivier group. However, there are Me´tivier groups which
are distinct from the Heisenberg-type groups. For more details, see [11].
Let G be connected, simply connected Lie group with real step two nilpotent
Lie algebra g. Then g has the orthogonal decomposition g = b ⊕ z, where z
is the center of g. Since g is nilpotent, the exponential map exp : g → G is
surjective. Thus, G can be parameterized by g = b ⊕ z, endowed with the
exponential coordinates.
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Let {Vi : i = 1, . . . , m} and {Zj : j = 1, . . . , k} be orthonormal bases of b
and z respectively. Then for V + Z ∈ b ⊕ z, we can identify g ∈ G with
the point (V, Z) ∈ Rm × Rk such that g = exp(V + Z). Since [b, b] ⊂ z and
[g, [g, g]] = {0}, by the Baker-Campbell-Hausdorff formula, the group law on
G can be expressed as
(V, Z) (V ′, Z ′) =
(
V + V ′, Z + Z ′ +
1
2
[V, V ′]
)
.
Let dV and dZ be the Lebesgue measures on b and z respectively. Then the
left-invariant Haar measure on G can be expressed as dg = dV dZ.
Now, for ω ∈ z∗, consider the skew-symmetric bilinear form Bω on b by
Bω(X, Y ) = ω ([X, Y ]) .
Let mω be the orthogonal complement of
rω = {X ∈ b : Bω(X, Y ) = 0, ∀ Y ∈ b}
in b. Then Bω is called a non-degenerate bilinear form when rω is trivial. If
Bω is non-degenerate for all ω 6= 0, then G is called Me´tivier group.
Since mω is invariant under the skew-symmetric bilinear form Bω, it follows
that the dimension of mω is even. Let Λ = {ω ∈ z∗ : dimmω is maximum}.
Then Λ is a Zariski open subset of z∗ and for ω ∈ Λ, there exists an orthonormal
almost symplectic basis {Xi(ω), Yj(ω) : i = 1, . . . , n} of b and di(ω) > 0 such
that
ω[Xi(ω), Yj(ω)] =
{
δijdi(ω), when X 6= Y ;
0, otherwise.
Let ζω = span{Xi(ω) : i = 1, . . . , n} and ηω = span{Yj(ω) : j = 1, . . . , n}.
Then we can write b = ζω ⊕ ηω and each (X, Y, Z) ∈ G can be represented by
(X, Y, Z) =
n∑
i=1
xi(ω)Xi(ω) +
n∑
i=1
yi(ω)Yi(ω) +
k∑
i=1
ti(ω)Zi(ω).
Hence a typical element of G can be written as (x, y, t), where x, y ∈ Rn and
t ∈ Rk. For more details, we refer to [5, 9, 10].
Next, we briefly describe the irreducible representation of the Me´tivier group
G which can be parameterized by Λ. That is, each ω ∈ Λ induces an irreducible
unitary representation piω of G by
(piω(x, y, t)φ) (ξ) = e
i
∑k
j=1 ωjtj+i
∑n
j=1 dj(ω)(xjξj+ 12xjyj)φ(ξ + y),
whenever φ ∈ L2(ηω). For the sake of simplicity, we write v = (x, y). Then the
group Fourier transform of f ∈ L1(G) can be defined by
fˆ(ω) =
∫
z
∫
b
f(v, t)piω(v, t)dvdt,
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where ω ∈ Λ. Now, we define the Fourier inversion of f in the t variable by
fω(v) =
∫
z
ei
∑k
j=1 ωjtjf(v, t)dt.
Then for the suitable functions f and g on b, we can define the ω-twisted
convolution of f and g by
f ∗ω g(v) =
∫
b
f(v − v′)g(v′)e i2ω([v,v′])dv′.
Here it is immediate that (f ∗ g)ω = fω ∗ω gω. Let p(ω) = Πni=1di(ω) be the
symmetric function of degree n corresponding to Bω. For f ∈ L1 ∩L2(G), the
operator fˆ(ω) is a Hilbert-Schmidt operator that satisfies
p(ω)‖fˆ(ω)‖2HS = (2pi)n
∫
b
|fω(v)|2dv.
Denote piω(v) = piω(v, o). Then the Fourier inversion f
ω can be determined by
the formula
fω(v) = (2pi)−np(ω) tr(piω(v)
∗fˆ(ω)).
5. Uniqueness results on step two nilpotent group
For ω ∈ Λ and h ∈ L1 ∩ L2(b), the Weyl transform Wω(h) is defined by
(5.1) Wω(h) =
∫
b
h(v)piω(v)dv.
The Weyl transform Wω(h) is a Hilbert-Schmidt operator on L
2(ηω) that sat-
isfies the following Plancherel formula, (see [15]).
Theorem 5.1. For h ∈ L2(b), the following equality holds:
p(ω)‖Wω(h)‖2HS = (2pi)n
∫
b
|h(v)|2dv.
Proposition 5.2. For h ∈ L1 ∩ L2(b), we have the identities:
(i) Wω(h
∗) =Wω(h)
∗, where h∗(v) = h(v−1),
(ii) Wω(h
∗ ∗ω h) =Wω(h)∗Wω(h).
Proof. (i) For φ, ψ ∈ L2(ηω), we can write
〈Wω(h∗)φ, ψ〉 =
∫
b
h∗(v) 〈piω(v)φ, ψ〉 dv
=
∫
b
〈
φ, h
(
v−1
)
piω
(
v−1
)
g
〉
dv
= 〈φ,Wω(h)ψ〉 = 〈Wω(h)∗φ, ψ〉 .
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(ii) Further, we have
〈Wω(h)∗Wω(h)φ, ψ〉 =
∫
b
∫
b
h∗(v)h(v′) 〈piω(v)piω(v′)φ, ψ〉 dvdv′
=
∫
b
∫
b
h∗(v − v′)h(v′)e i2ω([v,v′]) 〈piω(v)φ, ψ〉 dvdv′
=
∫
b
(h∗ ∗ω h)(v) 〈piω(v)φ, ψ〉 dv
= 〈Wω(h∗ ∗ω h)φ, ψ〉 .

Now, we state our main result of this section. Let A and B are Lebesgue
measurable subsets of ζω and ηω respectively such that 0 < m(A), m(B) <∞,
where m denotes the Lebesgue measure.
Theorem 5.3. Suppose f ∈ L1(G) is supported on the set Σ ⊕ z, where Σ is
a subset of b.
(i) If Σ has finite Lebesgue measure and fˆ(ω) is a rank one operator for all
ω ∈ Λ, then f = 0.
(ii) If Σ = A× B and fˆ(ω) has finite rank for all ω ∈ Λ, then f = 0.
In order to prove Theorem 5.3, we need the following crucial results. Let
φ, ψ ∈ L2(ηω). Then the Fourier-Wigner transform of φ and ψ is a function on
b defined by
T (φ, ψ)(v) = 〈piω(v)φ, ψ〉 .
As a consequence of the Schur’s orthogonality relation, these functions T (φ, ψ)’s
are orthogonal among themselves. For more details, we refer to Wolf [23].
Lemma 5.4. [23] Let φj, ψj ∈ L2(ηω); j = 1, 2. Then∫
b
T (φ1, ψ1)(v)T (φ2, ψ2)(v)dv = c(ω) 〈φ1, φ2〉 〈ψ1, ψ2〉,
where c(ω) = (2pi)n p(ω)−1.
We observe that these functions T (φ, ψ)’s generate an orthonormal basis for
L2(b). Let {ϕj : j ∈ N} be an orthonormal basis for L2(ηω).
Proposition 5.5. The set {T (ϕi, ϕj) : i, j ∈ N} is an orthonormal basis for
L2(b).
Proof. In view of Lemma 5.4, it is clear that {T (ϕi, ϕj) : i, j ∈ N} is an
orthonormal set. Now, it only remains to verify the completeness. For this,
let f ∈ L2(b) be such that 〈f, T (ϕi, ϕj)〉 = 0, whenever i, j ∈ N. Then〈
Wω(f¯)φi, φj
〉
=
∫
b
f¯(v) 〈piω(v)φi, φj〉 dv(5.2)
= 〈f, T (φi, φj)〉 = 0.
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Hence, we infer that Wω(f¯) = 0. Thus, by the Plancherel Theorem 5.1, we
conclude that f = 0. 
Proposition 5.6. Let F = T (φ, ψ), where φ, ψ ∈ L2(ηω). If the set {v ∈ b :
F (v) 6= 0} has a finite Lebesgue measure, then F has to vanish identically.
Proof. We would like to mention that the proof of Proposition 5.6 is almost
similar to Theorem 3.7 and hence we omit it here. 
Let E and F be finite measure subset of ζω and ηω respectively such that
0 < m(E), m(F) <∞ and Σ = E × F .
Lemma 5.7. For hj ∈ L2(ηω), write Ky(ξ) =
N∑
j=1
hj(ξ+y)hj(ξ), where y ∈ ηω.
If Ky(ξ) = 0 for all y ∈ ηω r F and for almost all ξ ∈ ηω, then each of hj is
finitely supported.
Proof. Since hj ∈ L2(ηω), there exists a set A of Lebesgue measure zero such
that |hj | is finite on ηω r A. Define a function χ on ηω r A by
χ = (h1, . . . , hN) .
If hj is non-vanishing on ηω r A for some j, then we can choose ξ1 ∈ ηω r A
such that χ(ξ1) 6= 0. Let B(ξ1) be the set ξ1 + (F ∪ {0}). If χ vanishes on
ηω r B(ξ1) ∪ A, then the result follows. Otherwise, by induction, we can
choose ξj ∈ ηω r
j−1⋃
i=1
(B(ξi) ∪A) such that χ(ξj) 6= 0, whenever j ≤ N, where
B(ξi) = ξi + (F ∪ {0}). Thus by the hypothesis, the set S = {χ(ξj) : j =
1, 2, . . . , N} is an orthogonal set in CN . Now, if ξ ∈ ηωr
N⋃
j=1
(B(ξj) ∪A) , then
χ(ξ) ∈ S⊥, and hence χ(ξ) = 0. 
Proposition 5.8. Let h ∈ L1 ∩ L2(b) be supported on Σ in b. If Wω(h) is a
finite rank operator, then h = 0.
Proof. Let τ¯ = h∗ ∗ω h, where h∗(v) = h (v−1). Then Wω(τ¯ ) = Wω(h)∗Wω(h) is
a positive and finite rank operator on L2(ηω). By the spectral theorem, there
exist an orthonormal set {φj ∈ L2(ηω) : j = 1, . . . , N} and scalars aj ≥ 0 such
that
Wω(τ¯)φ =
N∑
j=1
aj 〈φ, φj〉φj,
whenever φ ∈ L2(ηω). Now, for ψ ∈ L2(ηω), we have
〈Wω(τ¯ )φ, ψ〉 =
N∑
j=1
aj 〈φ, φj〉 〈φj , ψ〉
= c(ω)−1
N∑
j=1
aj
∫
b
T (φ, ψ)(v)T (φj, φj)(v)dv.(5.3)
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Further, by definition of Wω(τ¯ ), we have
(5.4) 〈Wω(τ¯)φ, ψ〉 =
∫
b
τ¯(v)T (φ, ψ)(v)dv.
Hence, by comparing (5.3) with (5.4) in view of Proposition 5.5, it follows that
(5.5) τ =
N∑
j=1
T (hj, hj),
where hj = c(ω)
− 1
2
√
aj φj ∈ L2(ηω). Now, for v = (x, y), write τy(x) = τ(x, y).
Then Equation (5.5) becomes
(5.6) τy(x) =
∫
ηω
e
i
n∑
j=1
dj(ω)(xjξj+
1
2
xjyj)
Ky(ξ)dξ.
Since τ¯ is supported on E × F , it follows that Ky(ξ) = 0 for almost every ξ
and for all y ∈ ηω r F . Then in view of Lemma 5.7, it follows that each of hj
is finitely supported and hence each of Ky is finitely supported. Since τy is is
supported on E , whenever y ∈ ηω, we infer that τy is zero for all y ∈ ηω. Now,
by Plancherel Theorem 5.1, we conclude that h = 0. 
Proof of Theorem 5.3. (i). By a simple calculation, we get
fˆ(ω) =
∫
b
fω(v)piω(v)dv =Wω(f
ω).
Since fω is finitely supported and the operator Wω(f
ω) has finite rank, by
Proposition 5.8, it follows that fω = 0, whenever ω ∈ Λ. Hence we infer f = 0.
(ii). It is enough to prove that if Wω(f
ω) has rank one, then fω = 0. Let
Wω(f
ω) be a rank one operator. Then there exist φj ∈ L2(ηω); j = 1, 2 such
that
Wω(τ¯ )φ = 〈φ, φ1〉φ2
for all φ ∈ L2(ηω), where τ¯ = fω. Thus, for ψ ∈ L2(ηω), it follows that
〈Wω(τ¯)φ, ψ〉 = 〈φ, φ1〉 〈φ2, ψ〉
= c(ω)−1
∫
ηω
∫
ζω
T (φ, ψ)(v)T (φ1, φ2)(v)dv.(5.7)
Further, by definition, we get
〈Wω(τ¯ )φ, ψ〉 =
∫
ζω
∫
ηω
τ¯(v)T (φ, ψ)(v)dv.(5.8)
Hence by comparing (5.7) with (5.8) in view of Lemma 5.4, we infer that
τ(v) = c(ω)−1T (φ1, φ2)(v).
Thus, from Proposition 5.6, it follows that τ ≡ 0. 
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Concluding remarks:
If the Fourier transform of a compactly supported function f on Hn ⋉ U(n)
(or step two nilpotent Lie groups) lands into the space of compact operators,
then f might be zero. However, it would be a good question to consider the
case when the spectrum of the Fourier transform of a compactly supported
function is supported on a thin uncountable set.
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